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Abstract

We investigate curvature properties of quasi-Einstein Cartan type hypersurfaces in semi-Riemannian space forms.
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1. Introduction

Let (M, g) with dim M = n > 4 be a semi-Riemannian manifold such that its curvature tensor R satisfies on
UcNUsCM

R=¢S+ugnS+naG, (D

where Uc, resp. Us, is the set of all points of given manifold at which its Weyl conformal curvature tensor C is
non-zero, resp. its Ricci tensor S is not proportional to g, and ¢, u and 5 are some functions on U¢c N Ug. According
to [11], the condition (1) is called the Roter type equation. Consequently, a manifold (M, g), n > 4, satisfying (1) on
Uc NUs C M is called a Roter type manifold [11]. Obviously, we will consider manifolds (M, g) with non-empty
Uc NUs C M. For precise definitions of the symbols used here we refer to Sections 2 and 3 of this paper. Roter type
manifolds were investigated in [23,24,32,35]. We mention that several spacetimes are Roter type manifolds, e.g. some
Reissner—Nordstrom—de Sitter spacetimes [35], as well as some generalized Robertson—Walker spacetimes [24]. There
are also other Roter type spacetimes (see [23]). It is known that every Roter type manifold satisfies (see Section 2)

S-R=L1S+LygAS+L3G, 2
R-R—Q(S,R)=L40(g, C), 3)
S?=LsS+Lsg, )
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where Ly, ..., Lg are some functions on Uc N Ug. In [29] it was shown that some 4-dimensional semi-Riemannian
metrics introduced in [1] satisfy (2)—(4). Based on the results of [6,29], in [11] the notion of Akivis—Goldberg type
manifolds was introduced. Namely, a semi-Riemannian manifold (M, g), n > 4, is said to be an Akivis—Goldberg
type manifold if (2)—(4) hold on Uc N Us C M. We refer to [11] for a review of the results on Akivis—Goldberg
type manifolds. Obviously, every Roter type manifold is an Akivis—Goldberg type manifold. The converse statement
is not true [11]. Thus Akivis—Goldberg type manifolds form a class of manifolds which is an essential extension of
the class of Roter type manifolds. A semi-Riemannian manifold (M, g), n > 4, is said to be a Cartan type manifold
ifon Uc N Us C M we have (3) and (4) and

S-R=LoR+L S+LrgnS+L3G, (5)

where Lo, ..., Lg are some functions on Uc N Ug. Obviously, every Akivis—Goldberg type manifold is a Cartan
type manifold. The converse statement is not true. Thus Cartan type manifolds form a class of manifolds which is an
essential extension of the class of Akivis—Goldberg type manifolds. A semi-Riemannian manifold (M, g), n > 3, is
said to be an Einstein manifold if

S="g¢ (©)
n

on M, where « is the scalar curvature of (M, g). Einstein manifolds form a subclass of the class of quasi-Einstein
manifolds. A semi-Riemannian manifold (M, g), n > 3, is called a quasi-Einstein manifold if at every point x € M
its Ricci tensor S has the form

S=agtew®w, €==I, (7)

where w € T)M and « € R. We also mention that another subclass of quasi-Einstein manifolds form Ricci-simple
manifolds, i.e. semi-Riemannian manifolds having the Ricci tensor of rank at most one. Quasi-Einstein manifolds
arose during the study of exact solutions of the Einstein field equations as well as during considerations of quasi-
umbilical hypersurfaces of conformally flat spaces. Quasi-Einstein hypersurfaces were studied among others in [12,
14,19,21,22]. We refer to [2] for a review of results on quasi-Einstein manifolds. It is easy to check that (7) implies

SP=k—-—n-2a)S+a((n—Da—x)g. (8)

We also note that from Propositions 2.4 and 2.5 of this paper it follows that consideration on Einstein or conformally
flat manifolds satisfying (2) (or (5)), (3) and (4) is rather not an interesting question.

A manifold (M, g), n > 3, is said to be pseudosymmetric if at every point of M the tensors R - R and Q(g, R) are
linearly dependent. This is equivalent to

R-R=LgrQ(g, R) ©))

onUgp ={xe M| R— (k/(n—1)n) G # 0 at x}, where L is some function on Ug. The class of pseudosymmetric
manifolds is an extension of the class of semisymmetric manifolds (R- R = 0). A geometric interpretation of the notion
of pseudosymmetry is given in [33]. According to [33], pseudosymmetric manifolds are called pseudosymmetric in
the sense of Deszcz (see also [34]). A manifold (M, g), n > 3, is said to be Ricci-pseudosymmetric if at every point
of M the tensors R - S and Q(g, S) are linearly dependent. This is equivalent to

R-S=LsQ(g.9) (10)

on Ug, where Lg is some function on Ug. The class of Ricci-pseudosymmetric manifolds is an extension of the class
of Ricci-semisymmetric manifolds (R - S = 0) as well as of the class of pseudosymmetric manifolds. A geometric
interpretation of the notion of Ricci-pseudosymmetry is given in [34]. According to [34], Ricci-pseudosymmetric
manifolds are called Ricci pseudosymmetric in the sense of Deszcz. A semi-Riemannian manifold (M, g), n > 4, is
said to be a manifold with pseudosymmetric Weyl tensor ([2], Section 5), if at every point of M the tensors C - C and
Q(g, C) are linearly dependent. This is equivalent to (18) on Uc C M. Manifolds with pseudosymmetric Weyl tensor
we will call Weyl pseudosymmetric in the sense of Deszcz.

We say that (9), (10) and (18) are conditions of pseudosymmetry type (see e.g. [2]). We mention that spacetimes
satisfying some conditions of pseudosymmetry type were classified in [16]. We refer to [2,8] for a review of results
on manifolds satisfying conditions of pseudosymmetry type.
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Let M be a hypersurface immersed isometrically in a semi-Riemannian manifold (N, g™V). If (1), or (2)—(4), or
(3)-(5), hold on Uc N Us C M then M is said to be a Roter type hypersurface [32], an Akivis—Goldberg type
hypersurface [11] or a Cartan type hypersurface [32], respectively.

In this paper we consider hypersurfaces immersed isometrically in a semi-Riemannian space of constant curvature
NS”H(C) with signature (s,n + 1 — s), n > 4, where ¢ = K/(n(n + 1)) and ¥ is the scalar curvature of the ambient
space. It is known that on such hypersurface we have [25]

_(n=2)k
R-R—Q(S,R) n i D 0@, 0). an
Thus (3) with Ly = —((n — 2)k)/(n(n + 1)) holds on Uc N Us C M. Clearly, if (2) and (4), or (4) and (5), hold on
Uc NUs C M then M is an Akivis—Goldberg type hypersurface or a Cartan type hypersurface, respectively. As we
noted above, every manifold satisfying (7) also fulfills (8),i.e. (4) with Ls = x —(n —2)a and L = o ((n — )z — k).
Therefore, if M is a quasi-Einstein hypersurface in N;’H (c),n = 4, and (2), resp. (5), holds on Uc N Us C M then
M is an Akivis—Goldberg type hypersurface, resp. a Cartan type hypersurface.

Let H be the second fundamental tensor of a hypersurface M in NS’”‘1 (¢),n > 4.1In [32] (Theorem 3.1) (see also
Theorem 3.1 in Section 3.1) it was shown that if the tensor H? is expressed by a linear combination of H and g at
x € Uc NUg C M then (1) holds at this point. Therefore we restrict our considerations to the set Uy C M of all
points at which H? is not expressed by a linear combination of H and g. It is known that Uy C Uc N Us C M ([31],
p. 366; see also Section 3).

The Cartan hypersurface M in the sphere S"*!(c) is a compact minimal hypersurface with constant principal

curvatures —(30)%, 0, (36)% of the same multiplicity. Therefore we have Uy = M. It is known that the Cartan
hypersurfaces are tubes of constant radius over the standard Veronese embeddings i : FP? — §3*1(¢) — R34+2
d = 1,2,4,8, of the projective plane FP? in the sphere S3?*!(¢) in a Euclidean space E3¢+2, where F = R (real
numbers) C (complex numbers), Q (quaternions) or O (Cayley numbers) respectively [3]. The Cartan hypersurface
in $*(c) is a pseudosymmetric quasi-Einstein manifold satisfying R- R = 13 Q(g, R) ([27], Example 2). Every Cartan
hypersurface of dimension n = 6, 12, 24 is a non-quasi-Einstein and non-pseudosymmetric Ricci-pseudosymmetric
manifold satisfying ([28], Proposition 1)

~

( 1) 0(g. 9S). (12)

From Theorem 4.3 of [13] it follows that every Cartan hypersurface of dimension n > 6 is a Cartan type hypersurface.
Further, (5) with L; = 0 is satisfied on Uy C M of every Ricci-pseudosymmetric hypersurface M in N;”rl (o),
n >4, ([13], Theorem 3.2), i.e. on Uy we have (4) and

S R=LoR+LrgAS+L3G. (13)

In [32] (Theorem 3.3) it was proved that every Ricci-pseudosymmetric hypersurface is a Cartan type hypersurface. In
addition, if M is a Ricci-pseudosymmetric hypersurface in N**1(c), n > 4, satisfying (21) then (13) turns into

S-R=LyR+S+Lr—a)gAS+ (L3 +a)G.

Examples of quasi-Einstein Ricci-pseudosymmetric hypersurfaces are given in [19,22].

Our results are related to quasi-Einstein Cartan type hypersurfaces M in N**1(c), n > 4. We can say, with respect
to the above statements, that we consider quasi-Einstein hypersurface in semi-Riemannian spaces of constant curvature
satisfying (5). The main result (see Theorem 6.2) states that at every point x € Uy C M we have: (i)

(+1) 08 R) (14)

and

n—73 K K
C'sz(n—2)<n+1_n—1> 6. ©), (1)
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k being the scalar curvature of M, or (ii) (12),

~

K
R— ——

nn+1)

and the tensors C - C and Q(g, C) are linearly independent at this point, or (iii) (16) and

Q(@. R)#0 (16)

~

Kk
S——— ,8) #0, 17
YA 0(g.9) # A7)
and M is 2-quasi-umbilical on some neighbourhood U C M of x and
C-C=Lc0(,0) (18)

holds on U, where L is some function on this set.

2. Preliminaries

Throughout this paper all manifolds are assumed to be connected paracompact manifolds of class C*°. Let (M, g)
be an n-dimensional, n > 3, semi-Riemannian manifold. We denote by V, R, C, S and « the Levi-Civita connection,
the Riemann—Christoffel curvature tensor, the Weyl conformal curvature tensor, the Ricci tensor and the scalar
curvature of (M, g), respectively. The Ricci operator S is defined by g(SX,Y) = S(X,Y), where X,Y € = (M)
and = (M) is the Lie algebra of vector fields on M. We define the endomorphisms X A4 Y, R(X,Y) and C(X, Y) of
EM)by (X AaY)Z =AY, Z2)X — AX,Z2)Y,R(X,Y)Z = [Vx, VylZ — V|x,y]Z and

1
C(X.Y) = R(X, Y)——2<XAgSY+SXAgY—LIXAgY),
n — n —

where X,Y,Z € Z(M) and A is a symmetric (0, 2)-tensor. Now the Riemann—Christoffel curvature tensor R,
the Weyl conformal curvature tensor C and the (0, 4)-tensor G of (M, g) are defined by R(X1, X», X3, X4) =
g(R(X1, X2) X3, X4), C(X1, X2, X3, X4) = g(C(X1, X2)X3, X4) and G (X1, X2, X3, X4) = g((X1 Ag X2) X3, X4),
where X, Y, Z, X1, X2, ... € Z(M). For symmetric (0, 2)-tensors E and F' we define their Kulkarni—-Nomizu product
E A F by

(ENF)(X1, X2, X3, X4) = E(X1, Xo)F(X2, X3) + E(X2, X3)F (X1, X4)
—E(Xy, X3)F(X2, X4) — E(X3, X4) F(X1, X3).

Further, for a symmetric (0, 2)-tensor E we define the (0, 4)-tensor E by E = (1/2) E A E. In particular, we have
2=G = (1/2) g A g. Now the Weyl tensor C can be presented in the form

AS+ i G (19)
n—2% n—2n—-1
We refer to [2,15] for the definition of the tensors: S- R, S-C,R-R,R-C,C-R,C-C,R-S,C-S, Q(g, R),
0(g,0), 0(g,9S), Q(S, R), and Q(S, C). Furthermore, for symmetric (0, 2)-tensors E and F we have (see e.g. [14],
Section 3)

C=R-

Q(E,F/\E):—% O(F,EAE)=—Q(F, E). (20)

Proposition 2.1 (/32], Proposition 2.1). Let (M, g), n > 4, be a semi-Riemannian manifold satisfying (7). Then (4),
with Ls = k —(n—2)a and Le = o ((n — D)o — k), is satisfied on M. Moreover, if (2) and (3) holdon Uc NUs C M
then (M, g) is an Akivis—Goldberg type manifold.

Proposition 2.2. Let (M, g), n > 4, be a semi-Riemannian manifold. The following conditions are equivalent on
Us C M: (7)and

S=agAS—a’GC=0’>G+acgA(ww). 1)
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Proof. Our assertion is an immediate consequence of Lemma 3.1 of [30] and (7). O

Proposition 2.3. If (M, g), n > 4, is a semi-Riemannian manifold satisfying (7). Then on M we have
1 _
0(S,gnS) = ) 0@ SN =-0(@&. 5 =—a0(g,8N9), (22)
— 1
0(@g.9S) =3 0 —ag,gNS). (23)

Proof. (22) is a consequence of (7), (20) and (21). (23) follows immediately from (22). 0O

Proposition 2.4 (/32], Proposition 2.3). Let (M, g), n > 4, be a semi-Riemannian manifold satisfying (5). Let V be
a set of all points of Uc NUs C M at which (1) or (7) is fulfilled. Then the decomposition of the tensor S - R in terms
R, S, g A S and G is unique on Uc N Ug \ V.

Let (M, g), n > 4, be a semi-Riemannian manifold. It is known that the decomposition of the curvature tensor
R of (M, g) on Uc N Us C M given by (1) is unique ([19], Lemma 3.2). If (1) holds on an open non-empty set
U C Uc N Ugs then we say that the Roter type equation is satisfied on this set. If (1) holds on U then on this set we
have ([17], Theorem 4.2): (9), with Lg = (n — 2)((t/P)(u — (1/(n — 2))) — n), and

R-R—Q(S, R = (LR + %) 0(s. 0), (24)
S?=aS+Bg, (25)
S-R=—4(ap+u)S—20au+n+pp)gAS—4puG, (26)

where @ = k+((n—2)u—1)¢ "' and B = (uk+(n—1)n)¢ . In addition, we also have (18) and C-R = L¢ Q(g, R),
where Lc = Lg + (1/(n —2))((x/(n — 1)) — «). Since (1) implies (24)—(26) we have

Theorem 2.1 ([11], Theorem 3.1). Every Roter type semi-Riemannian manifold (M, g), n > 4, is an Akivis—Goldberg
type manifold.

Proposition 2.5. On every semi-Riemannian Einstein manifold (M, g), n > 4, (4) and (5) are satisfied on M.
Moreover, if (M, g) is pseudosymmetric then (3) holds on M.

Proof. Our proposition is an immediate consequence of (4)—(6) and (19). [

Using the Propositions 2.1 and 2.4 and Theorems 3.3 and 3.4 of [7] we can prove the following

Proposition 2.6. If (3) is satisfied on a conformally flat semi-Riemannian manifold (M, g), n > 4, then (4) and (5)
hold on M.

We finish this section with the following

Lemma 2.1. Let D be a non-zero symmetric (0, 2)-tensor at a point x of a semi-Riemannian manifold (M, g), n > 3.
If the following relation is satisfied at x

DA w®w)=0, 27
where w € T M and w # 0, then at this point we have

@D=pw®w, peR, or (b)yrankD =2. (28)

Proof. From (27) we have
wpwiDjj + wjw; Dy — wpw; Dix — wiwg Dpj =0, (29)

where wy, and Dy are the local components of w and D, respectively. Further, let X" be the local components of the
vector X at x such that thh =1atux.
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(i) We assume that rank D = 1,i.e. D = e v ® v, where v € T M, € = £1. Now (29) takes the form
WhrWEV;Vj + WiW;jVpVk — WhW UV — WjWEVRV; = 0.

This by transvection with X xk yields (v; + p1 w;)(vj + p1 w;) = 0, where p; = vy X*, which implies immediately
(28)(a).

(i) We now assume that rank D > 2. Transvecting (29) with X hx* we get

Dij =Bwiw; +wjzi +wizj, 2z = DinX", p=—X"X*Dp. (30)
If B = 0 then (30) yields
D;j = %((wi +zi)(wj +zj) — (Wi —zi)(wj — ;). (31
If B # 0 then (30) yields
Dij=ﬁ<wi+lzi> (wj—i—lz,')—lzz'z,'. (32)
B B B

From (31) and (32) it follows that rank D = 2 at x, i.e. (28)(b), which completes the proof. [
3. Ricci-pseudosymmetric hypersurfaces

Let M with dim M = n > 3 be a connected hypersurface immersed isometrically in a semi-Riemannian manifold
(N, g"). We denote by g the metric tensor induced on M from the metric tensor g". Further, we denote by V
and V¥ the Levi-Civita connections corresponding to the metric tensors g and gV, respectively. Let £ be a local
unit normal vector field on M in N and let ¢ = gV(£,&) = 1. We can present the Gauss formula and the
Weingarten formula of (M, g) in (N, g"V) in the form: V)I}’Y =VxY+eH(X,Y)& and Vx& = —AX, respectively,
where X, Y are vector fields tangent to M, H is the second fundamental tensor of (M, g) in (N, gN ), A is the
shape operator and H*(X,Y) = g(A*X,Y), k > 1, H' = H and A! = A. We denote by R and R" the
Riemann—Christoffel curvature tensors of (M, g) and (N, gN ), respectively. The Gauss equation of (M, g) in (N, gN )
has the form R(X1, ..., X4) = RN(Xl, o, X) +SE(X1, ey Xa), where H = (1/2) H A H and X1, ..., X4 are
vector fields tangent to M. Let the equation x” = x” (y¥) be the local parametric expression of (M, g) in (N, g"),
where y* and x” are the local coordinates of M and N, respectively, and a, b, h, i, j, k,l,m € {1,2,...,n} and
p.rht,ue{l,2,...,n+ 1}. Let ﬁhijk = Hpi H;j — Hyj Hj denote the local components of the tensor H.

Let M be a hypersurface in N, S”‘H (¢),n > 4,c =K/(n(n+1)), where ¥ denotes the scalar curvature of the ambient
space. Now the Gauss equation reads (see e.g. [12])

— K
Rpijk = & Hpiji + PYSSIEN Ghijk, (33)

kh

where G ;i are the local components of the tensor G of M. Contracting (33) with g'/ and g"", respectively, we obtain

Sy = & (tr-(H) Hy — H2) + 2" D% 34
nk = € (tr(H) Hpy — ;,k)+n(n—+1)ghk, 34
= & ((r(H)? — tr(HY)) + LK 35)

n+1

respectively, where tr(H) = gthhk, tr(H?) = ghk H,fk and Sy are the local components of the Ricci tensor S of
M. Further, we define on M the (0, 2)-tensor A by (see Eq. (13) of [15])

&K
[ H. (36)

A=H?—tr(H)H?+
n

Now we can check that on M we have (see Eq. (34) of [11])

<(n—1)% K )( K ) 2K
S‘R=2HANA-4 + R——G)————gAS. (37
nn+1) n-—1 nin+1) nin+1)
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We denote by Uy the set of all points of M at which the tensor H? is not a linear combination of the metric tensor g and
the second fundamental tensor H of M. Using (34) and Theorem 4.1 of [25] we can deduce that Uy C UcNUs C M.
Obviously, on Uc N Ug \ Uy we have

H*=aH+Bg, (38)

where o and 8 are some functions on Uc N Us \ Up. Using (33) and (38) we can verify that

~

K
R-R=|\—— ,R
(n(n N 8ﬂ> 0@, R)
on Uc NUg \ Upy (cf. [21], Proposition 3.1(ii)). Thus (9) holds on this set. Further, we have

Theorem 3.1 (/32], Theorem 3.1). Let M be a hypersurface in NS”“(C), n >4, andlet Uc NUs\ Uy C M
be non-empty. Then the Roter equation holds on this set. Moreover, if Uy C M is empty then M is a Roter type
hypersurface.

From this it follows

Corollary 3.1 (/32], Corollary 3.1). Let M be a hypersurface in a Riemannian space of constant curvature N"T1(c),
n > 4. If at every point of Uc N Ug the hypersurface M has exactly two distinct principal curvatures then M is a
Roter type hypersurface.

Remark 3.1 (/32], Remark 3.1). Let M be a hypersurface in a Riemannian space of constant curvature N (e,
n > 4. If at a point of Uc N Us C M there are exactly two distinct principal curvatures then multiplicity of each
principal curvature is > 2.

Remark 3.2. (i) (cf. [11], Section 2). Let M be a pseudosymmetric hypersurface in N;”l (¢), n > 4, and let (9) holds
onUc NUs C M. Then

o(s—(1r+ "=2%) o & K _G)=o (39)
R a8 warn )T
on Uc N Us ([10], Eq. 3.8). Let V. C Uc N Us be the set of all points at which rank (S — @ g) > 2, for any @ € R.
Now from (39), in view of Lemma 3.4(ii) of [17], it follows that

e L(g_ (L. =27 o (L., m=2F o
_5( _< R+n<n+1>>g>A( _< R+n(n+1>>g>+n<n+1>

on V, where L is some function on V. Thus we see that (1) holds on V. An example of a quasi-Einstein
pseudosymmetric hypersurface M in N, f“ (c), n > 4, was given in [19]. For that hypersurface we have rank (S —
(k/n)g)=1lonUy C M.

(ii) (cf. [36], Lemma 4.2). If M is a hypersurface in Nf“ (c),n > 4, satisfying at x € Uy C M the condition

~

K
— G| =0
nin+1)
then (14) holds at x, where o € R.

Q(S—ag,R—

Remark 3.3. Let M be a hypersurface in N;”‘l (¢),n > 4.
(i) (cf. [5], Proposition 3.2 and Theorem 3.1). On the set Uy C M the following conditions are equivalent: (12) and

H?®=1tr(H)H? + A H, (40)

where A is some function on Uy . We refer to [22,31] for results on Ricci-pseudosymmetric hypersurfaces.
(i1) We refer to [37,38] for recent results on hypersurfaces satisfying

H? =tr(H)H>+ A H + ug,

where A and p are some functions on Ug.
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Proposition 3.1. Let M be a hypersurface in N;H'l (), n>=4.If (12) and (16) hold at x € Ug C M then the tensors
C - C and Q(g, C) are linearly independent at this point.

Proof. In Remark 3.3(i) it was mentioned that (12) and (40) are equivalent at x. Further, from Proposition 4.2
from [36] it follows that

(n=2)C-C=(n—-3)0(S, R)+ 5 Q(g, R) + s O(S, G) (41)
at x, where s, B¢ € R are defined by (35) of [36]. We suppose that C - C = L Q(g, C), L € R, holds at x. Now (41),
by making use of (19) and (20), gives

(n—=2)LQ(g, R)+LQO(S,G)=(n—3) (S, R)+ B5 Q(g, R) + B6 (S, G),

which turns into
1 1
O, R+ ——(Bs—(n—-2)L)Q(g, R) + ——(Bs — L) (S, G) =0.
n—3 n—3

This, in view of Lemma 4.1 of [36], implies

~

(n— 1K K
o|S———g,R———G ) =0.
nn+1) nin+1)
But from the last relation, by an application of Remark 3.2(ii), it follows that (14) holds at x, a contradiction. O

4. Quasi-Einstein hypersurfaces

Let M be an quasi-Einstein non-Einstein hypersurface in N"*!(c), n > 4. In the following we will assume that
Uc NUs C M is non-empty.

Lemma 4.1. Let M be a hypersurface in NS"Jrl (¢), n = 4, satisfying (T)on Uc NUs C M.

(i) The sets Uy C M and Uc NUs C M coincide.
(i1) At every x € Uy we have

w[Hlk = p Wk, wk = wzg”‘, 42)

where p is some function on Uy and Hy; and wy are the local components of H and w at x, respectively.
>iii) On Uy we have

3_ 2 (n—Dk _(n=DR
H =@r(H)+p)H +€<n(n+1) o 8ptr(H)>H+s,o (a —n(n+l)> g, (43)
. - (n—DF 5
H™ = ((tr(H)+,0) ptr(H)+8<—n(n+1) a>> H
+ (earH) + )<(”_1)z— —eptr(H) ) + —(”_W))H
(”” A — @t ) P\ mE D
(n— 1%
+ep(tr(H) + p) (a— m) g, (44)
H* = Qur(HYr(H) + p) + 2D (1) — e — (n — D)) H
nin+1)
( ( (n—l)E)
+etr(H)(k —na —2¢eptr(H)) H + | 2¢ptr(H) (¢ — ——
nn+1)
n—DF\> n—1DF
- (”l(i’l+1)> + n(ﬂ+1) (K_(n_Z)a)+a((n_ l)a_K)> & (45)

~

p(p —tr(H)) = (n— 1)8( (46)

K K n
— al.
nn+1) n-—1
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Proof. (i) In Section 3 it was stated that for any hypersurface M in Nf“ (¢),n > 4,wehave Uy C Uc NUyg. Further,
letx € UcNUg\ Uy. Thus at x we have H?>=qo  H+ B1 g, a1, B1 € R. Substituting this and (7) into (34) we obtain
n— Dk
nn+1)

If tr(H) —a; = 0then o + ¢8; — ((n — DK)/(n(n + 1)) = 0 and w = 0. Thus (7) reduces to S = (x/n) g,
i.e.x € M \ Ug, a contradiction. If tr(H) — o1 # 0 then (47) turns into

e(tr(H) —a)) H = (a +¢f1 — ) gtew@w. “7n

H=wmg+pwew, o,pekR, (48)

i.e. M is quasi-umbilical at x. It is known that (48) implies C = 0 at x ([25], Theorem 4.1), i.e. x € M \ Uc, again a
contradiction. Thus Uc N Us \ Uy is empty.
(ii) (cf. the proof of Theorem 2.1 of [22]). Using (7) and (34) we find

) n— 1Dk
otgij—i-ewiwj=s(tr(H)Hij—Hij)+mg,-j 49)
and after transvection with H ’}( = g”Hlk also
; 2 3 n— Dk
Olij"—Ewl'ka]'ZS(IV(H)ij—ij)-i-mij. (50)

But this implies (42).
(iii) (43) is a consequence of (42), (49) and (50). Further, (43) yields

H*= (tr(H)+p)H> + ¢ (- D —a—eptr(H) ) H> +ep |a — (- D H,
nn+1) nn+1)
which by making use of (43) turns into (44). Applying into (8) the identity (2.19) of [11], (34) and (43) we obtain
(45). Finally, comparing the right hand sides of (44) and (45) we get (46). The last remark completes the proof.  [J

Lemma 4.2. Let M be a hypersurface in NS"H(C), n > 4, satisfying (7)on Ug C M. Then

(@) OS—ag, HAwRuw)) =0, OA=¢pH+Vywew, (1)
K K

SoR= e <R_n(n+l) G>_n(n+l)gAS+2wHA(w®w)’ 2

B n— Dk K b _ 53

(a)¢_8<n(n+1)+n—l_a>’ (b) ¥ = —¢eep, (53)

on this set, where A and p are defined by (36) and (42), respectively.

Proof. Using (20) and (7)we get
QS —ag HAWS) =€ 0w w HA®WSw) =-5 QH, & w) AW w) =0,

i.e. (51)(a). Further

— DR
H3—tr(H)H2=8 u—a H—cepw@w 54)
nn+1)
on Uy (see the proof of Theorem 2.1 of [22]). Applying (36) into (54) we obtain (51)(b). Now (37), by making use
of (51)(b), turns into

nn+1)  n—1 Catn+ D
This, by an application of (33), yields (52), which completes the proof.  [J

S-R=4¢E—4<(”_l)"+ d )(R LG)—z—KgASJrszA(w@w).
nn+1)
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Proposition 4.1. Let M be a hypersurface in ]VS"+1(C), n > 4, satisfying (7)on Uy C M. If at x € Uy the following
condition is satisfied

POR=p1S+ 028 AS+p3G+ps HA(wRw), (55)
where pg, ..., pa € R, then py vanishes at x or at x we have: py # 0, (14),
K K K
(a) =—, (®) p=0, ©S=-gt+tew®w. (56)
n—1 n+1 n

Proof. We suppose that pg 7~ 0 at x. Now (55) turns into

R=p1S+pmgAS+pmG+pHAWRuw),
where pp, ..., pa € R. The last relation yields

0 —ag, R =pQOS—ag,H+mQ(S—ag gns)

+0308 —ag,G)+p4 0 —ag, HA(wQw)).

Applying in this (20), (22) and (51)(a) we find

QS —ag, ) =10(5.G). n=a’p+2ap+ s,
which gives Q(S — « g, R — n G) = 0. This, together with (7), implies

Qw®w,R—-—nG)=0. (57)
Further, from (57), in view of Lemma 3.4(i) of [17], we obtain at x

Y. wX1) (R —=nG)(Xa, X3, Xq, X5) =0,
X1,X2,X3

where X1, ..., X5 € Ty M. Now, using Lemma 2.3 of [20] we get

K

R'R=mQ(87 R), (58)
(n —2)x

R-R—Q(S,R)=———7—0(g,0). (59)
(n—1Dn

(11) and (59) lead immediately to (56)(a). Now (58) by (56)(b) turns into (14). Next, from (14) we get easily
R-C=({/(n(n+ 1)) Q(g, C), which implies

(R-C)(X1, X2, X3, X4;X,Y)=0.
(X1,X2), (X3,X4), (X,Y)
This, in virtue of Proposition 4.1 of [15], is equivalent to
(R-C—=C-R)(X1, X2, X3, X4; X,Y)=0.
(X1,X2), (X3,X4), (X,Y)

Thus we see that the assumptions of Theorem 2.1 of [22] are fulfilled. In particular, from that theorem we have (see
Eq. (16) and (17) of [22])

~

K

2 K k
= — — b Hy =0. 60
(@) € [lwll pnr il (b) w" Hyy (60)
Evidently, (56)(a) and (60)(a) yield
lw]|* = 0. (61)

Furthermore, (42) and (60)(b) give (56)(b). From (7), by contraction, we obtain k — noe = € ||w||2, which by (61)
reduces to @ = k/n. This means that (7) turns into (56)(c). The last remark completes the proof. [
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Proposition 4.2. Let M be a pseudosymmetric hypersurface in N;"H(c), n > 4. If (56)(c) holds on Uy C M then
on this set we have: (14) and (56)(a),

E—%g/\S+(%)2G=O (62)

and an equality of the form (55)

2
C U 64 D e, ©

(tr(H))2R=§—5gAS+5<—+
n n\n n—1

where w and € are defined by (56)(c).
Proof. First of all we note that (56)(c) yields (1/2) (S — (k/n) g) A (S — (x/n) g) = 0. Now (62) is an immediate

consequence of the last relation. It is known that if M is a pseudosymmetric hypersurface then rank H = 2 and (14)
holds on Uy (e.g. see [5]). Thus in view of Lemma 1.1 of [9] at every point of Uy we have

H} =tr(H)H} + ) Hij, »€R. (64)
Further, (14) and (39) lead to
(n— DK K
S — ,R — G)=0. 65
Q( n(n+1)g nn+1) ) (©3)

If we would have rank (S — ((n — 1)X)/(n(n + 1)) g) > 2 at a point x € Upg then (65), in view of Lemma 3.4(ii) of
[17], implies

R—LG=X<S—Mg>/\<S—Mg>, * eR,
nin+1) nn+1) nn+1)

which turns into (1). But (1) and (56)(c) imply C = 0, a contradiction. Thus at every x € Uy we have
(n— 1K

B nn+1)

This and (56)(c) lead to € = €1, w = w; and (56)(a) at every x € Uy (cf. [18], Section 3). Now (34) turns into

g=€cw @wy, € ==, welM.

thk =tr(H) Hy; — g€ wywy. (66)

Transvecting this with H h and using (64), in a standard way (for instance, see the proof of Proposition 5.1(iii) of [19])
we get (60)(b). On the other hand, we note that (65) by (33) takes the form

~DF
nn+1)
This implies that (e.g. see Lemma 3.4(i) of [17])
wiH piji + wjHpikt + weHpitj = 0 (67)
at every point of Uy . Transvecting (67) with H },ln and using (60)(b) we get
wy (Hj Hij — Hi Hi) + wj (Hyy Hyx — Hj Hy) = 0.

Transvecting this with H ]m and using again (60)(b) we find that thk Hl%. — Hfj Hizk = 0. This, by making use of (66),
turns into
(tr(H)H —cew Q@ w) A (tr(H)H —cew Q@ w) =0,
which gives
etr(H)

%(lr(H))2H/\H = HA (w®w).

Finally, applying to this (33) and using (56)(a) and (62) we obtain (63), completing the proof. [
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Remark 4.1. Results presented in Examples 4.1 and 5.1 of [14] were applied in [19]. Namely, in Example 5.1 of [19]
an example of a quasi-Einstein pseudosymmetric hypersurface M in N;H'l (c), n > 4, satisfying (56)(c) on Uy C M
was given. It is easy to check that tr(H) # 0 holds at every point of Uy of that hypersurface. Thus by (63) we can
state that on Uy we have (55) with non-zero function pg.

5. 2-quasi-umbilical hypersurfaces

A hypersurface M in an (n + 1)-dimensional Riemannian manifold is said to be quasi-umbilical, resp. 2-quasi-
umbilical [4], at a point x € M when it has a principal curvature with multiplicity > n — 1, resp. > n — 2, i.e. when
the principal curvatures of M at x are given by Ay, 7, ... T, resp. Ay, A2, T, ... T, Where T occurs (n — 1)-times, resp.
(n — 2)-times. Further, if M is a hypersurface in an (n 4+ 1)-dimensional semi-Riemannian manifold then M is called
quasi-umbilical (e.g. see [25]), resp. 2-quasi-umbilical (e.g. see [26]), at a point x € M whenrank (H —a g) = 1,
resp. rank (H — « g) = 2 hold at x, for some « € R.

Remark 5.1. It is known that a hypersurface M in a semi-Riemannian conformally flat manifold is quasi-umbilical
at a point x € M if and only if its Weyl tensor vanishes at this point (Theorem 4.1, [25]). Therefore every point
of Uc C M is a non-quasi-umbilical point of M. It is also known that if M is a 2-quasi-umbilical hypersurface in
N;”‘l(c), n > 4, then (18) holds on Uc C M (Theorem 3.1, [26]).

Proposition 5.1. Let M be a hypersurface in NS”+1 (¢),n=>4.Ifon Uy C M we have rank (H — t g) = 2, for some
function t, then

2
}F=amm—m—awH%%@—ﬁm—m%—m—mnmm+%mmmf—mH%>H
2 1
+NM—QXn—U%H%n—DUMH}+?UMHDL4MH%Dg (68)
on this set. Moreover, if (7) holds on Uy then
p=—(m-=3)1, (69)
m=2@m-D~ (=1 — De 2
prrsrm el K +2a=n-—2)(n—Det?, (70)
<3(n—2)(n—l)~ ) 2
T|———————k—«k—-2m—-3a)=en—-2)t°((n — 1)t — 2tr(H)), 71)
nn+1)

on this set, where the function p is defined by (42).

Proof. We obtain (68) by an application of Lemma 2.1(i) of [11] for the tensor A = H — 7t g. Now the relations
(69)—(71) are an immediate consequence of (35), (43) and (68). O

Proposition 5.2. Let M be a hypersurface in a Riemannian space of constant curvature N"*t1(c), n > 4.

(1) Let (7) holds at x € Uy C M and let M has at x exactly three distinct principal curvatures Ay, lo and A3. If
A1 = p satisfies (42) then Ay is a principal curvature of multiplicity 1 and
M=—-(p—-Dia—n—-p—2)A3 (72)
at this point, where p and n — p — 1 is multiplicity of Ay and A3, respectively.

(ii) Let M has at x € Uy C M three distinct principal curvatures A1, A2, A3 with multiplicity 1, p and n — p — 1,
respectively. If (72) holds at x then

k(s— (=% s =1 73
e (5= (i 400 ) 1) =1 .

i.e. M is quasi-Einstein at this point.
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Proof. (i) Let e, 3, ..., e, be an orthonormal basis at 7, M such that H(e;, e;) = A; and H(e;, ej) = H;; = 0 for
i # j,wherei, j € {1,2,...,n}. Now (49) implies

@ ¥ +ew? =@r(H) = )ri, () ww; =0, fori#j, (74)
where ¥ = a — ((n — 1)K)/(n(n + 1)). Without loss of generality we can assume that w; 7 0. Thus (74)(b) implies
wy = w3 = - -+ = wy, = 0. Using this and (74)(a) we find that

@ ¥ +ewi =@r(H)—rr, b)) ny +ewi = @r(H)* —tr(H),

©) ¥ = (r(H) — 22)Az, (d) ¢y = (tr(H) — 23)A3. (75)

From (74)(a) and (75)(a) it follows that A; has multiplicity 1. Furthermore, from (75)(c) and (75)(d) it follows that
(A2 — A3)(tr(H) — A2 — A3) = 0. Thus we have (72), tr(H) = X2 + A3 and ¥ = AA3, which completes the proof of
8?) First of all we note that (34) holds at x, where ¢ = 1. Further, let eq, e2, ..., e, be an orthonormal basis at 7, M
such that

H(ei,e;) = H;j =0, fori#j,

H(eyr,e1) = Hip = Ay,

H(ez,e2) = Hyp =Xy, ..., H(ept1,epr1) = Hpy1pr1 = Ao,

H(epy2,ept2) = Hpyopro = A3, ..., H(en, en) = Hpp = A3,
where i, j € {1, 2, ..., n}. Using this and (72) we get

Hij(tr(H) — H;j) =0, for i # j,

Hy(tr(H) — Hi1) = 2i(pra+ (n — p — 1) A3),

Hy(tr(H) — Hyp) = -+ = Hpp (tr(H) — Hpp) = A2h3.

Applying this into (34) we get (73), which completes the proof of (ii)). [J
6. Quasi-Einstein Cartan type hypersurfaces

Let M be a hypersurface in N;’H (c), n > 4, satisfying (5) and (7) on Uy C M. We define on Uy the (0, 2)-tensor
D by

~

D:e(aL1+L2+ )g—sz, (76)

_ sk
nn+1)

where v is defined by (53)(b), i.e. y = —eep. We note that rank D # 1 at every point of Ug. Indeed, if rank D = 1
atapoint x € Uy then M is quasi-umbilical at x which by Remark 5.1 is equivalent to the fact that the Weyl tensor C
of M vanishes at x, a contradiction. We now consider the quasi-Einstein hypersurfaces satisfying (2), i.e. the special
case of (5).

Proposition 6.1. Let M be a hypersurface in N;’H(c), n > 4, satisfying (2) and (7) on Uy C M. Then at every
x € Uy we have: a # 0 and (14), oraa =0, L3 =0,
@S=cw®uw, ®) DA (w®w)=0. a7
Proof. We note that (2) and (52) yield
baR =115+ (1o + 2 AS+(L dok )\ 29 H A (w® w) (78)
—4a R = —_— - — w R w).
! 2T+ )¢ 3T an+ 1)

If @ # 0 at x then, in view of Proposition 4.1, (14) holds at x. Now we consider the case &« = 0 at x. Thus (7) reduces
to (77)(a). Further, (78) turns into

~

2
Lot —2 Y gAS+L3G=20 HAwSw).
nn+1)
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This, by (77)(a), yields

o~
<e (Lz—i-n(n—:_l))g—Zl/fH)/\(w@w):—lGG, (79

which gives

Q(w@w,(e<L2+2—K>g—21//H>/\(w®w)>:—L3Q(w®w,G).
nn+1)

From this, by making use of (20), we obtain

1 2K
_§Q<<6<L2+n(n—:—l)> g—21//H>,(w®w)/\(w®w))=—L3Q(w®w,G),

which reduces to L3 Q(w ® w, G) = 0. From the last equation it follows that L3 = 0 at x. Applying this, (76) and
(77)(a) into (79) we get (77)(b). Our proposition is thus proved. [

Proposition 6.2. Let M be a hypersurface in NS”H(C), n > 4, satisfying (5) and (7) on Ug C M. Then at every
x € Uy we have:
(1) (14) and

Lo +4a # 0, (80)
or (ii) (77)(b) and

(a) Lo + 4o = 0, () a’ L1 +2aLy+ L3 =0. (81)
Proof. We note that (5) and (52) yield
_ 2K 4ax
(Lo+40)R+ L1 S+ (Ly+ ——— | gAS+ (L3 ———— | G-20 HA(wQw) =0. (82)

n(n+1)) Catn+ D)

If (80) holds at x then, in view of Proposition 4.1, at this point (14) is satisfied. We assume now that (81)(a) holds at
x. Now (82) takes the form

~

L§+(L +2—K) AS+<L —ﬂ)G—%//H/\( ®w) =0 (83)
! 2 nn+1) § 3 nn+1) wew ==L

Further, (51)(a) and (83) give

~

L, O(S S+(L 2 s S+ (L o€ S G)=0
108 —ag, )+< 2+m) O —ag,gn )+( 3—m> O —ag,G) =0,

which by (23) turns into

O —ag, P1gAS+ DPG) =0, (34)
aly 2K 4ak
P =—+1L _ by =Ly — —. 85
=t 2T T D (83)
Now (84), by making use of (7) and (51)(a), reduces to 2o @1 + ¢2) O(w ® w, G) = 0, which implies
@2 = 2« @1. (86)

This by (85) leads to (81)(b). Applying (21), (85) and (86) into (83) we obtain (77)(b), which completes the proof.
O

Theorem 6.1. Let M be a hypersurface in a Riemannian space of constant curvature N"1(¢), n > 4, satisfying (5)
and (7) on Uy C M. Then (12) and (16) hold at every point of Uy.
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Proof. We suppose that (80) holds at a point x € Ug. Thus, in view of Proposition 6.2, (14) is satisfied at x. Further,

from Theorem 5.1 of [10] it follows that rank H = 2 at x, i.e. M has the principal curvatures A; # 0, Ao # 0 and

A3 = -+ = A, = 0. Now, in view of Proposition 5.2(i), we conclude that A1 = 0, a contradiction. Therefore (16)

and (77)(b) and (81)(a) hold at x. We can assume that the local components of the covector w, defined by (7), are the

following wy # 0, wy = --- = w,; = 0. Now (77)(b) takes the form D;; = 0, which by (76) and Remark 5.1 implies

p = 0. Thus (43) reduces to (40). But this, in view of Remark 3.3(i), is equivalent to (12). Our theorem is thus proved.
O

Proposition 6.3. Let M be a hypersurface in Nf“ (c), n > 4, satisfying at x € Uy C M the conditions: (5), (7) and
(16) and let D be the tensor defined by (76). Then at x we have: D = 0 or rank D = 2.

Proof. From Proposition 6.2 it follows that (77)(b) holds on Ug. Since rank D # 1, our assertion is an immediate
consequence of Lemma 2.1. [

Theorem 6.2. Let M be a hypersurface in Nf“ (c), n = 4, satisfying (5) and (7)on Uy C M. Then at every x € Uy
we have:

(1) (14) and (15) hold at x, or
@ii) (12) and (16) hold at x and the tensors C - C and Q(g, C) are linearly independent at this point, or
(iii) (17) holds at x and M is 2-quasi-umbilical on some neighbourhood U C M of x and (18) is satisfied on this set.

Proof. (i) Let rank H = 2 at x. It is known that this is equivalent to (14) (e.g. see Theorem 3.2 of [36]). In addition,
in view of Proposition 4.3 of [36], (15) holds at x.

(ii) Let rank H > 2 and (12) holds at x. Clearly, rank H > 2 implies (16) at x. Now, in view of Proposition 3.1, C - C
and Q(g, C) are linearly independent at x.

(iii) Let rank H > 2 and (17) hold at x. If the tensor D, defined by (76), vanishes at x then ¢ = —eep = 0, and in
a consequence p = 0 at x. Thus (43) reduces to (40), which by Remark 3.3(i) is equivalent to (12), a contradiction.
Therefore D is non-zero at x. Now, in view of Proposition 6.3, on some neighbourhood U of x we have rank D = 2.
This, together with (76), implies rank (H — t g) = 2 on U, where t is some function on U. Now, in view of Theorem
3.1 of [26], (18) holds on U. The last remark completes the proof. [
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